Abstract: We consider charged massive scalar fields around a Kerr-Sen spacetime. The radial and angular parts of the covariant Klein-Gordon equation are solved in terms of the confluent Heun function. From the exact radial solution, we obtain the Hawking radiation spectrum and discuss the resonant frequencies. The massless case of the resonant frequencies is also examined.
Introduction
Black holes are interesting objects predicted by the theory of general relativity. In order to understand the physics of these objects we can study the physical processes which occur in the spacetime associated to them. Among these studies, we can mention the ones corresponding to Hawking radiation, scatterring of particles and fields of different spins, and resonant frequencies [1] [2] [3] [4] [5] [6] [7] [8] [9] . The last one is of special interest to us and it will be examined in this work for scalar fields.
The investigation of these phenomena involves the solution of an ordinary differential equation. In our case, we want to solve the Klein-Gordon equation for a charged massive scalar field in the background under consideration. Thus, in order to obtain the exact solution for this equation, we need to use the most general function in the mathematical physics, namely, the Heun's functions. During last decades, the Heun's functions have gained more and more importance due to the large number of applications in different areas of physics and mathematics. Otherwise, without the use of these functions, it is not possible to find exact analytical solutions of the Klein-Gordon equation in the whole region of spacetime [10] [11] [12] [13] [14] .
Recently, several physical processes in the background of Kerr-Sen black hole were studied, for instance, the scattering of photons and the evaporation process. Furthermore, the conformal symmetries of a Kerr-Sen black hole and the instability of bound state for a charged massive scalar field in such black hole spacetime background is studied. In addition, the Conformal Field Theory (CFT) holographic dual for the scattering process in the background of a Kerr-sen black hole is also investigated. Another important issues in the Kerr-Sen background are the following: properties of shadow, cosmic censorship conjecture, Hawking-temperature and entropy, and the increasing amount of evidence that various galaxies contain a supermassive black hole at their center. Therefore, these lines of research have motivated researchers to develop theoretical approaches in order to explain such phenomena [15] [16] [17] [18] [19] [20] [21] [22] [23] .
The thermal radiation of black holes which describes black body radiation was predicted as a quantum effect in the middle 1970's [24, 25] . It constitutes one of the most important characteristic which arises as an effect of the curvature of the spacetime on quantum fields. Thus, it is essentially a semiclassical effect due ti the fact that it occurs in a spacetime generated by classical gravitational fields which the matter fields are quantized. This implies that the Hawking radiation connects classical gravity and quantum field theory and hence its investigation could help us to understand gravity itself in addition to a better understanding of the physics of a black hole [26] [27] [28] [29] . Therefore, it is important, from different point of view, to investigate the Hawking radiation emitted by black holes.
In the study of the physics of black holes we can obtain information through the interaction of these fields with different quantum fields. One of these information are related to the resonant frequencies of the radiation emitted by black holes associated with exponentially decaying oscillations whose values depend on the parameters describing the black holes, as mass, charge and angular momentum. Thus, it is important to calculate and analyze these frequencies in order to get some information about the physics of these objects.
In this paper, we use the confluent Heun functions to obtain the exact solution of the Klein-Gordon equation for a charged massive scalar field in the Kerr-Sen spacetime. This solution is used to study the resonant frequency and the Hawking radiation. In discussing the Hawking radiation, we study some aspects of the thermodynamics of this black hole.
The outline of this paper is as follows. In the Section 2, we present the solutions of the Klein-Gordon equation for a charged massive scalar field in the Kerr-Sen black hole spacetime, for both angular and radial parts. In the Section 3, we discuss the Hawking radiation of scalar waves. In the Section 4, we obtain the resonant frequencies for both massive and massless scalar particles. Finally, In the Section 5, the conclusions are given.
Scalar fields in the Kerr-Sen black hole
We want to study the interaction between scalar fields and the background corresponding to the four-dimensional charged and rotating black hole solution in the low energy limit of the heterotic string field theory, called Kerr-Sen spacetime (KS spacetime), whose line element in the Boyer-Lindquist coordinates is given by [30] 
with
where M , Q, and a = J/M are the mass, the charge, and the angular momentum per unit mass of the KS black hole, respectively. The parameter b is related to the dilaton field. The 4-vector electromagnetic potential is given by [31] 
In what follows let us obtain some geometrical and thermodynamics parameters of the KS spacetime, which will be used in the next sections.
Firstly, let us calculate the gravitational acceleration on the KS black hole horizon surface, κ ± , which is given by
As to the Hawking temperature, T ± , we have that
where the thermodynamic quantity β ± is given by
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The surface areas of the exterior and interior event horizons, A ± , are given by
so that the entropy at the event horizon, S ± , can be write as
The dragging angular velocity, Ω ± , and the electric potential, Φ ± , very near the event horizon r ± , are given by
Note that all these quantities depend on the event horizons which are determined by the parameters characterizing the black hole and the dilaton.
Klein-Gordon equation
Now, in order to study the behavior of a charged massive scalar field in a curved spacetime, we need to consider the covariant Klein-Gordon equation, which can be write as
where µ 0 and e are the mass and the charge of the scalar particle, respectively. Note that we have chosen the units G ≡ c ≡ ≡ 1. Thus, substituting Eqs. (1) and (6) into Eq. (14), we obtain
At this point, we need to choose a separation of variables for the scalar wave function Ψ that permits us to separate the radial and angular parts of the Klein-Gordon equation (15) . In this way, by taking into account the spacetime symmetry, we can write Ψ as
where m is the azimuthal quantum number and ω is the frequency (energy) of the scalar particle.
In what follows we will solve both the angular and radial equations of the covariant Klein-Gordon equation.
Angular equation
Thus, doing the substitution of Eq. (16) into (15), we obtain the angular part of the covariant Klein-Gordon equation, namely,
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where λ m is a separation constant. Thus, in order to solve exactly Eq. (17) we use the procedure developed in our recent papers (see for example [32] and references therein). In this way, the general solution of the angular part of the covariant Klein-Gordon equation for a charged massive scalar field in the KS black hole, in the region exterior to the event horizon, can be written as
where C 1 and C 2 are constants, and the parameters α, β, γ, δ, and η are given by
Due to the fact that β is not necessarily an integer, these two functions form linearly independent solutions of the confluent Heun differential equation [33] , namely,
where U (x) = HeunC(α, β, γ, δ, η; x) is the confluent Heun function. The parameters µ and ν are given by
Radial equation
The radial part of the covariant Klein-Gordon equation can be written as
The general solution of Eq. (30) , in the region exterior to the event horizon, can be written as
x {C 1 HeunC(α, β, γ, δ, η; x)
where we have introduced a new variable defined by
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In Eq. (31), C 1 and C 2 are constants, and the parameters α, β, γ, δ, and η are now given by
Next, we will use this radial solution to investigate two interesting physical phenomena: the black hole radiation and the discrete spectrum of energy levels.
Hawking radiation
In this section we will use the radial solution and the properties of the confluent Heun function in order to obtain the Hawking radiation spectrum.
The expansion in power series of the confluent Heun function with respect to the independent variable x, in a neighborhood of the regular singular point x = 0, is given by [34] HeunC(α, β, γ, δ, η; x) = 1 + 1 2
Thus, the radial solution when r → r + , which implies that x → 0, behaves as
where only contributions of the first term in the expansion were taken into account, and all remaining constants were included in C 1 and C 2 . Then, by taking into account the solution of the time dependence, near the KS black hole event horizon r + , we can write
In this case, from Eq. (34), for the parameter β, we obtain
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where
Thus, the ingoing and outgoing wave solutions in the KS black hole horizon surface can be written as
Ψ out (r > r + ) = e −iωt (r − r + )
The relative scattering probability of the scalar wave at the exterior event horizon surface is given by
Thus, according to the Damour-Ruffini-Sannan method [27, 35] , we can obtain a Hawking radiation spectrum of scalar particles, which is given byN
Equation (46) corresponds to the black body spectrum described by charged massive scalar particles which are emitted from the KS black hole. In fact, this is a finite solution for the wave function near the exterior event horizon of the background spacetime under consideration. Now, we consider the limit where ω is a continuous variable. Thus, we obtain the following expression for the total rate of particle emission
Furthermore, the mass loss rate is given by
where Li n (z) is the polylogarithm function with n running from 1 to ∞. Therefore, the flux of charged scalar particles at infinity, Φ, can be calculated as
According to the canonical assembly theory [36] , assuming that the frequency (energy) is continuous, the free energy of the scalar particle is given by
Finally, the entropy of the KS black hole is given by
The above results show that the radiation spectrum, the flux of particles, as well as the thermodynamics variables as the free energy and entropy are similar to the corresponding ones in the framework of Kerr black hole spacetime.
Resonant frequencies
In this section, we want to compute the field energies, that is, the resonant frequencies for scalar waves propagating in a Kerr-Sen black hole. In order to do this, we will follow our technique developed in Ref. [37] .
This approach consists in impose boundary conditions on the radial solution, which are as follows: the radial solution should be finite on the exterior event horizon and well behaved at asymptotic infinity.
The first condition is completely satisfied as we can see from the wave solution which describes the Hawking radiation in the background under consideration. The latter condition requires that R(x) must have a polynomial xxxxxx-6 form. Then, the function HeunC(α, β, γ, δ, η; x) becomes a polynomial of degree n if the following δ-condition is satisfied δ α
where n = {0, 1, 2, . . .} is the principal quantum number. Substituting Eqs. (33)- (36) into Eq. (52), we obtain the following expression which involves the resonant frequencies associated to charged massive scalar particles in a Kerr-Sen black hole:
This quantization law gives a complex number, that is, we obtain a frequency (energy) spectrum such that ω = ω R + i ω I , where ω R and ω I are the real and imaginary parts, respectively. Note that there is no dependence on the eigenvalue λ m and hence the eigenvalues given by Eq. (53) are not degenerate. Equation (53) is a second order equation for ω and hence it has two solution, which can be numerically obtained by using the FindRoot function in the Wolfram Mathematica R 9, such that (ω−ω
n ) = 0. The resonant frequencies ω Tables 1 and 2 , respectively, where the units are given in multiples of the total mass M . Re[ω The resonant frequencies that we obtained are shown in Figs. 1, 2, 3, 4 , 5, and 6 as a function of e, a, b, m, µ 0 , and n, respectively, where the units are given in multiples of the total mass M . xxxxxx-9
Massless scalar fields
The expression for the resonant frequencies can be exactly solved for ω n when we have a massless scalar field. Thus, in the case where µ 0 = 0, the resonant frequencies are given by
where the principal quantum number n is a positive integer or zero. The eigenvalues given by Eq. (54) are also not degenerate, since that there is no dependence on the eigenvalue λ m . The massless scalar resonant frequencies, ω 1 , are shown in Table 3 , where the units are given in multiples of the total mass M . Table 3 . The massless scalar resonant frequencies of a Kerr-Sen black hole for e = 0.1, a = 0.5 and m = 0. We focus on the first excited mode n = 1. We present the massless scalar resonant frequencies in Figs. 7, 8, 9, 10, and 11 as function of e, a, b, m, and n, respectively, where the units are given in multiples of the total mass M . 
Conclusions
In this work we have considered the interaction between charged massive scalar fields and the Kerr-Sen black hole. We solved the covariant Klein-Gordon equation and then analyzed some interesting physical phenomena which correspond to the Hawking radiation spectrum and the resonant frequencies. We also examined how the thermodynamics quantities such as entropy and free energy depend on the parameter b associated to the dilaton.
The Hawking radiation spectrum was obtained from the asymptotic behavior of the radial solution at the exterior event horizon, where we have used the expansion in power series of the confluent Heun function. In which concerns the Hawking radiation we obtained a black hole radiation spectrum which resembles the one obtained in the context of the Kerr-Newman black hole spacetime. All others quantities as the flux of particles, the free energy, and the entropy preserve the similarity with the corresponding results in Kerr-Newman spacetime.
We have obtained a general expression for the resonant frequencies from the boundary conditions imposed to the radial solution and studied the behavior of the oscillations and how fast they disapear. By using a numerical method, we get some values for the resonant frequencies as a function of the involved parameters. We also analyzed the case of massless scalar particles.
As we can see from Figs. 1-6 for the massive case as well from Figs. 7-11 for the massless case, the resonant frequencies depend on the parameter that codifies the presence of the dilaton field as well as on the physical parameters such as mass, charge and angular momentum. We also emphasize how different are the resonant frequencies for different modes, as for example, the fundamental and the first and second excited modes.
